Abstract. This paper considers 1-string representations of planar graphs that are order-preserving in the sense that the order of crossings along the curve representing vertex v is the same as the order of edges in the clockwise order around v in the planar embedding. We show that this does not exist for all planar graphs (not even for all planar 3-trees), but show existence for some subclasses of planar partial 3-trees. In particular, for outer-planar graphs it can be order-preserving and outer-string in the sense that all ends of strings are on the outside of the representation.
Introduction
String representations recently received a lot of attention, especially for planar graphs. Scheinerman [20] had asked in 1984 whether every planar graph can be represented as the intersection graph of segments in the plane. This was settled partially by Chalopin, Gonçalves and Ochem [6] , who showed that every planar graph has a 1-string representation, i.e., a representation as an intersection graph of strings such that any two strings may cross at most once. Extending their result, in 2009 Chalopin and Gonçalves finally settled Scheinerman's conjecture in the positive [5] . We later showed that 1-string representations of planar graphs can be achieved even with orthogonal curves with at most 2 bends [3] . A number of other papers gave string representations for subclasses of planar graphs that are simpler to build and/or have other useful properties, see for example [11, 14, 8, 9, 2] . Testing whether a graph has a string representation is NP-hard [15, 18] and in NP [19] ; the latter is not obvious because string representations may require exponentially many bends for non-planar graphs [16] .
Furthermore, having an order-preserving string representation could make it easier to create such representations by using the typical incremental approach that adds one vertex on the outer-face at a time; for this it would be especially helpful if such representations were also outer-string in the sense that ends of strings are on the infinite region defined by the representation. We show the following:
-Not all planar graphs have order-preserving 1-string representations. In fact, we can construct a planar 3-tree that has no such representation. -For some subclasses of planar partial 3-trees, we construct order-preserving 1-string representations. For outer-planar graphs, these are additionally outer-string (and use segments), while for the other graph classes we show that order-preserving outer-1-string representations do not always exist.
We are not aware of any previous results on order-preserving 1-string representations. (On the other hand, string-representations of planar graphs obtained from contact representations are usually order-preserving, but strings then intersect twice, at least for some edges.) The closest related results are on the abstract graph realizability problem [15, 18] , which asks to draw a graph such that only a given set of edge-pairs are allowed to cross.
Definitions
A string representation R assigns a curve v in the plane to every vertex v in a graph in such a way that (v, w) is an edge if and only if v intersects w. (Throughout the paper, bold-face x always denotes the curve assigned to vertex x.) We demand that u and v intersect only if there is a proper crossing, i.e., any sufficiently small circle centered at an intersection-point crosses u, v, u, v in that order. (In particular no curve u should end on another curve v, though such a touching-point could always be resolved into a proper crossing by extending u a bit.) We also do not allow three curves to share a point. A 1-string representation is a string representation such that any two curves cross at most once. A segment representation uses straight-line segments in place of strings. A B k -VPG-representation uses orthogonal curves with at most k bends as strings.
A string representation R divides the plane into connected regions. The contour is the infinite region of R 2 −R. A string representation is called weakly outerstring if all vertex curves are incident to the contour. It is called outer-string if all vertex curves have an end incident to the contour.
1 A weakly outer-string representation can be made outer-string by "doubling back" along the curve of each vertex, but this does not work for an outer-1-string representation, because doubling back along the curve would make some curves cross twice. See [4, 13] and the references therein for more on outer-string representations.
In this paper, we only consider connected graphs. A graph is called planar if it can be drawn in the plane without crossing. Such a planar drawing Γ defines, by enumerating edges around vertices in clockwise order, a rotation scheme, i.e., an assignment of a cyclic order of edges at each vertex. From the rotation scheme, one can read the faces, i.e., the vertices and edges that are incident to each connected piece of R 2 − Γ . A plane graph is a planar graph with a fixed rotation scheme. An outer-planar graph is a planar graph that has a rotation scheme such that all vertices are incident to one face. An outer-plane graph is a plane graph with the rotation system that describes such an embedding. A k-tree (used here only for k = 2, 3) is a graph that has a vertex order v 1 , . . . , v n such that v 1 , . . . , v k is a clique, and each v i for i > k has exactly k neighbours in v 1 , . . . , v i−1 , and they form a clique. A partial k-tree is a subgraph of a k-tree. Every outer-planar graph is a partial 2-tree.
Fix a rotation scheme of a graph. We say that a 1-string representation is order-preserving with respect to the rotation scheme if for any vertex v, we can walk along curve v from one end to the other and encounter the crossings with w 1 , . . . , w k in the same order in which the neighbours w 1 , . . . , w k of v appear in the cyclic order of edges around v. This leaves open the choice which neighbour of v should be w 1 , since the order at v is cyclic while the order along v is not. 
Graphs with no order-preserving representations
In this section, we show that there exist planar graphs that have no 1-string representation that preserves the order of any planar embedding. To define them, we need the following graph operation: Given a plane graph G, the stellation of G is obtained by inserting a new vertex into every face of G, and making it adjacent to all vertices incident to that face. The triple-stellation of G is obtained by stellating G to get G , stellating G to get G , and finally stellating G . Lemma 1. Let G be a plane graph with minimum degree 3 and at least |V (G)|+ 1 faces that are triangles. Then the triple-stellation G of G has no orderpreserving 1-string representation with respect to this rotation scheme.
Proof. Assume for contradiction we had such a 1-string representation R, and let R G be the induced 1-string representation of G, which is also order-preserving. The following notation will be helpful: If a, c are neighbours of b, then let b[a, c] be the stretch of b between the intersection with a and c.
Consider a face-vertex-incidence in G, which can be described by giving a vertex b and two neighbours a, c of b that are consecutive in the clockwise order at b. We call such a face-vertex-incidence unbroken if (in R G ) b[a, c] contains no other crossing, else we call it broken. Since R G is order-preserving, for every vertex b in G only one face-vertex-incidence at b is broken. Since G has at least |V (G)| + 1 triangular faces, there exists a face T = {u, v, w} of G such that all face-vertex-incidences at T are unbroken. We will find a contradiction at the stellation vertices that were placed in T . See also Fig. 1 .
Let x be the vertex that (during the stellation of G to get G ) was placed in face T . We claim that x must intersect u in u [v, w] . To see this, recall that deg G (u) ≥ 3, hence u has at least one other neighbour u in G. Since the face-incidence at u is unbroken, u[v, w] contains no other crossing of R G , so u intersects u outside this stretch. Since T is a face in G, the (clockwise or counter-clockwise) order of neighbours at u in G contains u , v, x, w. To maintain this order in the string representation, the intersection between x and u (in R) must be on u [v, w] . Similarly one argues that x intersects v[u, w] and w [u, v] .
Let C be the region bounded by
. Curve x intersects δC three times, and no more since curves intersect at most once in a 1-string representation. So x starts (say) inside C, crosses δC to go outside, crosses δC to go inside, and then crosses δC again to end outside. Between the second and third crossing, x contains a stretch that is inside C; after possible renaming of {u, v, w} we assume that this is x [v, w] . This stretch splits C into two parts, say C (incident to parts of u) and C r (incident to the crossing of v and w). Let y be the vertex that (during the stellation of G to get G ) was placed in the face {v, w, x} of G . Since v, w, x all have degree 3 or more in G , as before one argues that y must intersect
, but cannot intersect δC a second time, else it would cross u (but (u, y) ∈ E) or would cross one of x, v, w twice (which is not allowed). Hence y starts inside C , then crosses x, and then crosses one of v and w. Up to renaming of {v, w} we may assume that y crosses v first. Hence y[x, v] splits C r into two parts, say C (incident to parts of w) and C (incident to the crossing of v and x). Now finally consider the vertex z that was placed in {x, y, v} when stellating G to obtain G . As before one argues that z has an end inside C , because it crosses x in stretch x[v, y] ⊂ x[v, w], and it cannot cross C again. But we can also see that z has an end inside C , since it crosses y[x, v] and crosses no other curve on the boundary of C . But this means that z has both ends outside C , contradicting that it must intersect the boundary of C three times to respect the edge-orders at x, y, v. Contradiction, so G does not have an orderpreserving 1-string representation. Theorem 1. There exists a planar 3-tree that has no order-preserving 1-string representation.
Proof. Start with an arbitrary planar 3-tree G with n ≥ 6 vertices; this has minimum degree 3 and 2n−4 ≥ n+2 triangular faces in its (unique) rotation scheme. Stellating a 3-tree gives again a 3-tree, so by Lemma 1 the triple-stellation of G is a 3-tree that has no order-preserving 1-string representation.
4 Order-preserving outer-1-string representations Now we turn towards positive results and show that every outer-plane graph has an order-preserving outer-1-string representation. We first discuss one existing result that does not quite achieve this. It is easy to show that every outer-planar graph can be represented as touching-graph of line segments (see e.g. [14] for much broader results). The standard way to do this (see also Fig. 2 ) results, after extending the segments a bit, in a segment-representation that is orderpreserving and weakly outer-string. However, this does not quite achieve our goal, because the ends of segments are not necessarily on the outer-face. 2. An outer-planar graph, a weakly segment-representation that is not outersegment at e, and a representation as circle graph that is not order-preserving at c.
We instead give two other constructions. The first one uses that any outerplanar graph is a circle graph, i.e., the intersection graph of chords of a circle [21] . This obviously gives an end-outer-segment representation, but it need not be order-preserving (see Fig. 2 ). Our first construction hence re-proves this result and maintains invariants to ensure that the representation is indeed orderpreserving.
The resolution in this representation could be very bad, and we therefore give a second construction where the curves are orthogonal instead. We use one bend for each vertex curve here, and so obtain a B 1 -VPG-representation. Since there are n vertices and at most n bends, the representation can be embedded into a grid of size O(n) × O(n).
In our proofs, we use that any 2-connected outer-planar graph G can be built up as follows [12, Lemma 3] : Fix an edge (u, v). Now repeatedly add an ear, i.e., a path P = u 0 , u 1 , . . . , u k , u k+1 with k ≥ 1 where (u 0 , u k+1 ) is an edge on the outer-face of the current graph G , and u 1 , . . . , u k are new vertices that induce a path and have no edges to G other than (u 0 , u 1 ) and (u k , u k+1 ).
A crucial requirement of the constructed representation R of such a subgraph is the following order-condition: If w and w are the counterclockwise and clockwise neighbours of v on the outer-face, then we encounter the neighbours of v in order, starting with w and ending with w , while walking along v. Put differently, the broken face-vertex-incidence is the one with the outer-face. We consider v to be directed so that it intersects first w and last w .
The
Circle-chord representation
We now re-prove that outer-planar graphs are circle graphs, and show that furthermore the order can be preserved.
Theorem 2. Every outer-plane graph has an order-preserving representation as intersection graph of chords of a circle C.
Proof. It suffices to prove the claim for a 2-connected outer-planar graph G since every outer-planar graph G is an induced subgraph of a 2-connected outer-planar graph G, and therefore a string representation for G also yields one for G by deleting curves of vertices in G − G .
We create a representation R while building up the graph via adding ears, and maintain curve directions and private regions as explained before. Each private region S uv is bounded by parts of circle C and a chord of C and does not contain the crossing of u and v. Further, the tail of u and the head of v are in the interior of the circular arc that bounds S uv .
In the base case, G is an edge (u, v) which can be represented by two chords through the center of C. See Fig. 3 . We reserve two private regions for (u, v), because the outer-face of a single-edge graph should be viewed as containing this edge twice (we can add ears twice at it). All conditions are easily verified.
For the induction step, let us assume that G was obtained by adding an ear P = u, x 1 , . . . , x k , v at some edge (u, v), with u the counter-clockwise neighbour of v on the outer-face. Let C[u, v] be the arc of C between the tail of u and the head of v that lies inside S uv . Let u and v be two points on C just outside C[u, v] but still within S uv . If k = 1, then we add x 1 by using chord u v for chords for x 1 , . . . , x k so that everyone intersects as required. See Fig. 3 , which also shows the private regions that we define for the new outer-face edges.
Since S uv was convex, all new curves are inside it and do not intersect any other curves. The orientation of these new curves is determined by the ordercondition: x i should be oriented so that it intersects first x i+1 (where x 0 := u) and then x i−1 (where x k+1 := v). In particular this means that the private region S x i x i+1 contains the tail of x i and the head of x i+1 , and hence satisfies the condition on private regions.
It remains to check that the order-condition is satisfied for u. Since S uv contained the tail of u, this means that x 1 becomes the first curve to be intersected by u, which is correct since x 1 is the clockwise neighbour of u on the outer-face. Likewise one argues that the order-condition holds for v. Hence all conditions hold, and after repeating for all ears we obtain an order-preserving representation as intersection graph of chords of a circle.
B 1 -VPG representation
Now we create, for any outer-planar graph, a B 1 -VPG representation that is order-preserving and outer-string. However, the ends will not be on a circle; instead they will lie on a closed curve S that we maintain throughout the construction and that surrounds the entire representation R without truly intersecting any curve. All vertices are 1-bend poly-lines with slopes ±1 (after rotating by 45
• this gives the B 1 -VPG representation); this allows us to use an orthogonal curve for S. Fig. 4 illustrates types of private regions that we will use for this construction: S uv contains no bend of u or v, and it is an isosceles right triangle whose hypotenuse lies on S. Theorem 3. Every outer-planar graph G has an order-preserving outer-1-string B 1 -VPG-representation R.
Proof. As before it suffices to prove the claim for 2-connected outer-planar graphs G. We proceed by induction on the number of vertices, building R while adding ears. In the base case, G is an edge (u, v) which can be represented by two 1-bend curves positioned and oriented as shown in Fig. 4 , which also shows the private region. We use a horizontal segment for S (this can be expanded into a closed curve surrounding R arbitrarily). For the induction step, let us assume that G was obtained by adding an ear P = u, x 1 , . . . , x k , v at some edge (u, v), with u the counter-clockwise neighbour of v on the outer-face. After possible rotation the hypotenuse of the private region S uv is horizontal with S uv above it. We distinguish cases:
1. u and v have different slopes in S uv and k = 1 (i.e. we add one vertex x). We add a 1-bend curve x with the bend pointing downwards. See Fig. 5 , which also shows the private regions that we define for (u, x) and (x, v). Curve x fits entirely inside S uv by placing the bend in the interior of S uv and shortening u and v appropriately so that the ends of x are vertically aligned with those of u and v. We can now easily find a new curve S by adding "detours" to S that reach the hypotenuses of the new private regions. These detours are inside S uv and hence intersect no other curves (since we shortened u and v). So the new curve S is a closed curve that surround the new representation as desired. The orientation of x is again determined by the order-condition, and exactly as in Theorem 2 one argues that this respects the order-condition at u and v, since our choice of curve for x ensures that it crosses u after the crossing of u with v. 2. u and v have different slopes in S uv and k > 1 (i.e. we add at least two vertices x 1 , . . . , x k .)
We add a path of 1-bend curves x 1 , x 2 , . . . , x k with their bends at the top, and define private regions as illustrated in Fig. 6 . Each curve x i is oriented as required by the order-condition, and again one verifies the order-condition for u and v. We can re-use the same S. We add a path of 1-bend curves x 1 , x 2 , . . . , x k (possibly k = 1) with their bends at the top, and define private regions as illustrated in Fig. 7 . Each curve x i is oriented as required by the order-condition, and one verifies all conditions using the same S.
After having represented the entire graph in this way, we are order-preserving due to the order-condition, outer-string due to poly-line S, and B 1 -VPG (after a 45
• -rotation) since every curve has one bend.
In our B 1 -VPG-representation, every vertex-curve is an Lin one of the four possible rotations , , , . (All four may be used, since private regions get rotated in Case 1.) We would have preferred a representation that uses L(or the two shapes and ), because then the stretching-techniques by Middendorf and Pfeiffer [17] could have been applied to obtain another segment-representation. It is easy to create a representations with Lonly if we need not be order-preserving (use in Case 1) or need not be outer-string (see also Lemma 2), but finding an outer-string order-preserving representation using only Ls remains open.
Beyond outer-planar graphs?
One wonders what other graph classes might have order-preserving 1-string representations, preferably outer-string ones. We study this here for some graph classes. We start with the series-parallel graphs, which are the same as the partial 2-trees, and hence generalize outer-planar graphs.
Lemma 2. Every series-parallel graph G has a 1-string representation with Ls that is order-preserving for some planar embedding of G. Proof. It is easy to show that every 2-tree has a representation by touching true Ls, i.e., each vertex is assigned an L (not rotated and not degenerated into a line segment), curves are disjoint except at ends, and (u, v) is an edge if and only if the end of u lies on the interior of v or vice versa.
3 See also Fig. 8 . Extending the Ls slightly gives a 1-string representation, and it is order-preserving for a planar embedding easily derived from the touching L representation. Details are provided in Appendix A.
It would be interesting to know whether this result can be extended to the so-called planar Laman-graphs, which have a representation by touching Ls [14] , but not all Ls are necessarily in the same rotation and so it is not clear whether this is order-preserving. Of particular interest would be planar bipartite graphs, which can even be represented by horizontal and vertical touching line segments [11] , but again it is not clear how to make this order-preserving.
As for having strings additionally end at the contour for series-parallel graphs: this is not always possible. Let H be the graph obtained by subdividing every edge in a K 2,3 ; one verifies that H is series-parallel. It is easy to see (see also [4] ) that H cannot be outer-string, since K 2,3 is not outer-planar. So H has no outer-string representation, much less one that is 1-string and order-preserving. Now we turn to partial 3-trees. We showed in Theorem 1 that there exist planar 3-trees (hence partial 3-trees) that do not have an order-preserving 1-string representation. We now study some subclasses of partial 3-trees that are superclasses of outer-planar graphs.
An IO-graph is a planar graph G that has an independent set I such that G − I is a 2-connected outer-planar graph O for which all vertices in I are inside inner faces of O. A Halin-graph is a graph that consists of a tree T and a cycle C that connects all leaves of T . Both types of graphs are well-known to be partial 3-trees. In [2] , we gave 1-string representations for both Halin graphs and IO-graphs; the latter uses only unrotated Ls. Independently, Francis and Lahiri also constructed 1-string representations of Halin-graphs, using only unrotated Ls [10] . Inspection of both constructions shows that these respect the standard planar embedding (where O respectively C is one face). We hence have:
Theorem 4 (based on [2, 10] ). Every IO-graph and every Halin-graph has an order-preserving 1-string representation in which every vertex is an L.
In these constructions, the ends of the strings are not on the outer-face, and we now show that this is unavoidable. This is obvious for Halin-graphs, since the subdivided K 2,3 is an induced subgraph of a Halin-graph. As for IO-graphs, define the wheel W n be the graph that consists of a cycle C = {v 1 , . . . , v n } with n vertices and one universal vertex c connected to all of them. Let the extended wheel-graph W + n be the wheel-graph W n with additionally a vertex w i incident to v i and v i+1 for i = 1, . . . , n (and w n+1 := w 1 ). Notice that W + n is an IO-graph. The proof of the following is presented in Appendix A.
Theorem 5. For n ≥ 7, the IO-graph W + n has no order-preserving outer-1-string representation.
Final remarks
In this paper, we studied 1-string representations that respect a planar embedding. As for open problems, what other graph classes have order-preserving 1-string representations? A natural candidate to investigate would be the 2-outerplanar graphs, for which Lemma 1 cannot be applied since a triple-stellation is never 2-outer-planar. Other interesting candidates would be planar bipartite graphs (or more generally planar Laman-graphs), or planar 4-connected graphs.
Secondly, what is the complexity of testing whether an order-preserving 1-string representation exists? Given the NP-hardness of the abstract graph realization problem [15, 18] , this is very likely NP-hard if we are allowed to prescribe an arbitrary rotation scheme (not from a planar drawing). But is it NP-hard for plane graphs?
One unsatisfactory aspect of our definition of "order-preserving" is that graphs with an end-contact representation (i.e., with disjoint strings where for every edge one string ends on the other string) do not automatically have an order-preserving 1-string representation: We can obtain a 1-string representation by extending the strings slightly, but it does not need to be order-preserving. A reviewer hence suggested to us the following alternate model: Thicken each string slightly, and consider the cyclic order of intersections while walking around the thickened string. Let now "order-preserving" mean that the cyclic order of neighbours around a vertex forms a subsequence of the intersections encountered while walking "around" its string. With this, any end-contact representation becomes an order-preserving 1-string representation after extending the curves a bit. This includes for example planar bipartite graphs and Laman graphs. Since this model's restriction is weaker, all our positive results transfer, but the proofs of the negative results no longer hold. Are there plane graphs that do not have an order-preserving 1-string representation in this new model?
